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Growing trees

• Trees: simple undirected, acyclic 

graph. If there are  nodes, then 

there are  edges


• Growing: each node is added one 

at a time, such that the “history” 

of a growing tree can be 

represented as a sequence of 

nodes


• Examples: Academic trees, social 

networks
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n − 1

A tree (not a growing one), from 

Chad’s talk on Huffman Encoding



Which node came first?



Which node came first?



Which node came first?



Histories

Of the 120 possible sequences of nodes, only 28 are possible histories. 

For example, the sequence EABCD is not possible



Counting descendants

Let  be the number of nodes in 

the branch containing node  when 

edge  is removed. Then
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Probability of being the root

Let  be the probability that node  comes 

first. Set  (arbitrary starting point), then


 


will give the unnormalized probabilities (will 

be proven momentarily)
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example starting at node A



Probability of being the root

pA = 2

pB = 8

pC = 12

pE = 3 pD = 3

multiplying all the previous results by 2, 

we see this is the right answer!



Counting histories

Let  be the number of histories in 

which  comes first, and  be the 

number of histories of the subtree 

rooted at  when edge  is 

removed. Then
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Proof of pj = pi(…)

Note that the same game played in previous slide works for subtrees:
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Proof of pj = pi(…)

 


 


noting that . This is the relation we used to calculate all of 

the root probabilities
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Probability of arriving at t

Let  be the probability that node  arrived at time , and  be the 

number of histories in which node  arrived before time  in the subtree 

containing  when edge  is removed. Then


 

pi(t) i t gi→j(t)
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pi(t) =
1

Z ∑
j∈Ni

gi→j(t)hj→i (n − t − 1

ni→j − t )
Normalization, number of histories in which  

comes before  excluding any histories 

containing  and its descendants, number of 

histories of the subtree rooted at , number of 

subsequences of both subtrees consistent with 

previous two occurrences
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Probability of arriving at t

Let  be the number of histories rooted at  when the edges  and 

 are removed:


 


 

hi,k→j j (i, j)

(k, j)

hi,k→j = (nk→j − 1 − nj→1)! ∏
l∈Nj|i,k

hj→l

nj→l!

⟹ gi→j(t + 1) − gi→j(t) = ∑
j∈Nj|i

gj→k(t)hi,k→j (n − t − 1

nj→k − t )

similar to previous 

expression for counting 

histories but minus 

another branch



Demo



Summary

• Presented a means of counting 

histories and calculating 

probabilities for growing trees


•  calculation is , whereas 

the number of possible (but not 

necessarily consistent) sequences 

of nodes is 


• Probabilities can be used to do 

model selection on growing trees

pi(t) 𝒪(n2)

n!


