Kriging
a.k.a. Gaussian Process Regression(GPR)
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What is kriging?

Kriging is an interpolation method.

Kriging minimizes the variance of prediction error at data points.
Kriging provides uncertainty estimates to its predictions.

Problem:
Given samples of a random scalar field, predict value at un-sampled location.

Solution:
Design unbiased estimator with minimum prediction error variance.
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Why krige?

Interpolation is generally useful.
Error estimates on predictions.
Gold!
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How to krige? : ordinary

Derive ordinary kriging equation: assume stationary mean E|[y;] = u, Vi
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1. Design unbiased estimator E[y,] = E[y,] = u
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2. Minimize prediction error variance V[y, — yo]
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How to krige? : ordinary

Ordinary kriging equation: assume stationary mean E[y;] = u, Vi

minimize
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Solve ordinary kriging equation using Lagrange multiplier A
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[3] Ordinary Kriging by MSU Ashton Shortridge
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How to krige? : ordinary

Ordinary kriging equation: assume stationary mean E|[y;] = u, Vi
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implementation
E[§,] =w'y
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def ordinary krig(x0@, x, y, myc, invc):
from scipy.linalg import cho solve
dvec [myc(x@, x1) for x1 in x]
# calculate Lagrange multiplier
ovec np.ones(len(dvec))
nume np.dot(np.dot(dvec, invc), ovec) -
deno np.dot(np.dot(ovec, invc), ovec)
lam nume/deno

# calculate weights

wvec np.dot(invc, dvec-lam*ovec)
if not np.isclose(wvec.sum(), 1):
raise RuntimeError(
ym = np.dot(wvec, Yy)
sig2 = myc(x0@, x0)-np.dot(dvec, wvec)-lam
ye = np.sqrt(sig2)
return ym, ye, wvec

[1] Wikipedia
[2] Kriging Example
[3] Ordinary Kriging by MSU Ashton Shortridge
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How to krige? : simple

Simple kriging: assume E[y;] = 0, Vi = no constraint on weights
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implementation
E[§,] =w'y
V[¥o — ¥ol = Coo —w'd

def simple_krig(x0, x, y, myc, lmat):
from scipy.linalg import cho solve
dvec = [myc(x0, x1) for x1 in X]
wvec =

ym = np.dot(wvec, V)

sig2 =
ye = np.sqrt(sig2)
return e, wvec

cho solve((lmat, True), dvec)

myc(x0, x0)-np.dot(dvec, wvec)
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The secret sauce: correlation function

The correlation function Cov(x,, x,) should capture covariance in data. (CM people think g(r))

Cov(xq,x,) is used to build the € matrix and the d vector.

Cov(xq,x,) is related to the so-called variogram by y(x1,x,) = Cov(xy, xy) — Cov(xy,x,)
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The secret sauce: correlation function

A kriging expert knows how to choose the correlation function form and parameters.
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Historical Review

Kriging was used for time series analysis back in the 1940s.

Kriging got its name from Danie G. Krige's master thesis for predicting
the location of gold deposits in South Africa in 1960.

Kriging is used extensively in geostatistics and meteorology.

Kriging was reformulated in the context of Baysian inference in the late 1990s.

Kriging is now known as Gaussian process regression.
The choice of correlation function is phrased as a machine learning problem.

[1] Wikipedia
[2] Chapter 2.8 RW2006
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Gaussian Process

Gaussian process is the generalization of multivariate distribution to infinite variables.

Gaussian process is probability distribution over functions.
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Gaussian Process Regression
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Recent Applications
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Conclusions
Kriging is a minimal-variance unbiased interpolation algorithm.
Kriging result depends critically on the choice of correlation function (variogram).

Kriging outputs a Gaussian process.
Recently combined with Baysian inference and machine learning.

Problem:
Given samples of a random scalar field, predict value at un-sampled location.
Solution:
Design unbiased estimator with minimum prediction error variance.
Vo=w'y 3] +
E[yo] = Elyo] 2 )

Minimize V[$, — o]

+ noisy samples + *
= = true function -
—2. —— kriging mean
I kriging stddev *

0 2 4 6 8



