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General formulation of partial differential equations (PDEs)

u+ Nu; Al =0, xe€ Q, r € [0,T]
U(t, X) is the solution to the equation.

N |u; A] is a non-linear function of I/t(t ) X) parameterized by /1

e Data-driven solutions for PDEs
e Data-driven discovery of PDEs



Data-driven solutions for PDEs: Continuous Time Models

u,+ Nu; Al =0

Minimize the loss function: [ := U, + N u; A]



def u(t, x):

u = neural net(tf.concat([t,x],1), weights,
biliases)

return u

def f(t, x):
u = u(t, X)
u t = tf.gradients(u, t)[0]
u x = tf.gradients(u, x)[0]
u xx = tf.gradients(u x, x)[0]
f =ut+ u*ru x - (0.01/tf.pi)*u xx
return £



Example: Burgers
u, + uu,— (0.01/7)u,, =0, x € [-1,1], t € [0,1],
u(0,x) = — sin(mwx)

u(t,—1)=u(t,1) =0

Neural network approximation:

u(t,x) = fy(t,x) ) :=a,+ ai, — (0.01/m)u,,

L©®) = [IAO)I* + 112(0,x) — u(0. 01 + [|a(, — DII* + [la D|I?



u(t, )
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|h(t, )|
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Data-driven solutions for PDEs: Discrete Time Models
u,+ Nu; Al =0

u(t) = {Ug, Upy -5 Uy, - .. Uy}

Euler method

U, =u, — AN u,; 1]

Runge-Kutta methods:

=y —AtZa N[u" 49, i = 1,...q

u'tl =y — Atz bV [u"*]

j=1
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multi-output neural network

[l/tn+C1(X), un+c2(x), o un+cq(x), un+1(x)]

q
u'' = "t 4 Atz al-j/l/[u”“] i=1,...,g

l
j=1
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[ (%), Uy (X), - . ., u (X)), uc’]”‘ ()]



Temporal error accumulation :

O(At?9)

At = 0.8, g = 500, At = 0.81000 1097



u(t, z)
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